A possibility to extend the universal Gáspár potential, used for obtaining the initial radial orbitals in iterative solving of quasirelativistic Hartree-Fock equations, is investigated. The extension is achieved via introduction of variable parameters instead of fixed ones that depend on the number of electrons in a configuration and the ionization degree of an atom.
Introduction
Although the self-consistent field method by Fock [1] is known since 1930, still for a number of subsequent years the work has been continued in building the potentials that in averaged form describe the field of nuclear charge and its surrounding electrons. One of the results of these efforts was the creation of the universal potential by Gáspár [2] . It was obtained on the basis of statistical methods and analysis of the potential of a many-electron Hg atom. It was enhanced and modified several times afterwards [3] , including the works by the Vilnius' specialists in the atomic theory [4] . The rapid development of computational electronics and creation of efficient mathematical methods for solving the integral-differential Hartree-Fock (HF) equations led to wide distribution and use of the programs for obtaining the radial orbitals (RO) of a selfconsistent field, and the interest in statistical potentials greatly diminished. Nevertheless, the utility of potentials of this kind is quite high. The point is that for a self-consistent solving of HF equations the initial RO are necessary. In many cases (e. g., the widely known program [5] ) the hydrogenic functions with gradual screening of the nuclear charge Z are used as initial RO. But there is no universal and sufficiently accurate method to introduce the screening of nuclear charge, and the RO obtained for differing effective charges of nucleus are not orthogonal and should be additionally orthogonalized before use. As a result, such RO not always sufficiently accurately describe the sought solutions and that in turn may lead to slow self-consistency or even the nonconvergence of the iterative process.
To overcome these problems, in [6] it was proposed to take as initial the RO that are the solutions of equations with the universal Gáspár potential. Using this potential for all the functions describing the given configuration one obtains the RO that are automatically orthogonal. Long-term application of this approach in several versions of programs for solving the HF equations [7] has proven the adequacy of the universal Gáspár potential in description of real potentials for atoms with different nuclear charges at various ionization degrees.
The acquired experience in using the universal Gáspár potential for solving the conventional HF equations was also employed for development of a program for solving the quasirelativistic HF equations described in [8] . There the same form of the potential as for the conventional equations [6] was used. Its application allowed one to obtain the solutions of quasirelativistic equations, but the correspondence of initial RO to the self-consistent solutions appeared to be much worse than in the case of traditional HF equations. In addition, the correspondence visibly worsened with higher ionization degrees, which is in conflict with the tendencies observed in the HF equations' case. As the inadequate initial RO hinder the solving of equations, especially in the case of outer shells of calculated configuration, there arises a need for improving the universal potential used. In the next section the method to obtain the new universal potential is described, and in the third one the comparison of characteristics of RO, obtained using a previous and new expressions, with parameters of solutions of quasirelativistic HF equations is performed.
Method to obtain the new universal potential
The equation containing the universal potential is obtained from the quasirelativistic HF equation (Eq. (2.22) in [8] ) by omitting the exchange part of the potential and substituting the direct part with a local potential. It has the following form:
Here the first term determines the kinetic energy and the nonrelativistic interaction with a nucleus, the next one describes the mass dependence on velocity, and the last term in the equation describes the contact interaction with a nucleus in the form proposed in [9] :
The local potential is defined as follows: , r < r nuc , U (r) , r ≥ r nuc .
(3) As seen from (3), definition of potential inside the nucleus remains the same and, as proposed in [10] , the potential is expanded in even powers of radial variable.
In obtaining the initial RO, the universal Gáspár potential
outside the nucleus is used, where I is the atom ionization degree in spectroscopic notation (1 for neutral atom), and the parameters of potential have the following values [6] :
The potential calculated using parameters (5) will be denoted by U G . As mentioned before, the potential U G does not provide the opportunity to obtain sufficiently accurate initial quasirelativistic RO, which makes it difficult to solve the equations. As the very form of the potential is physically sound enough and gives good asymptotic behaviour at zero and at infinity, it has been decided not to change the formulas but to restrict ourselves to adjusting the values of parameters A and B.
At first the optimal values of parameters for a definite value of nuclear charge and ionization degree of the ground configuration were determined. To this end the quasirelativistic equations for the investigated ion were being solved and the numerical values of a great number of points of the direct potential U QR for the outer shell were being calculated. The potential of the outer shell has been chosen due to the fact that it has been necessary to obtain as accurate as possible values for the characteristics of outer electrons. Afterwards, employing the least squares method providing coincidence of potential (4) with numerically determined U QR , the optimal values of parameters A Z,I and B Z,I for this ion have been determined. The least squares method has also been used for adjusting the paramaters A q Z,I and B q Z,I not of the potential itself but of the effective charge defined as the ratio of value of potential to the corresponding value of radial variable. This corresponds to the fact that in the least squares method the radial variable is used as weighting factor for points of potential.
Such calculations have been performed for a wide variety of ground configurations with number of electrons N from 5 to 86. Neutral atoms as well as ions with nuclear charge up to 100 have been considered. The full list of investigated isoelectronic sequences is given in Table 1 . Most of the results presented in Table 1 were not possible using the original Gáspár potential. In order to achieve appropriate and selfconsistent solutions, the empirical fitting for Gáspár potential characteristics has been crucial. There and further for marking the isoelectronic sequences the total number of electrons N = Z − I + 1 has been used without specifying the distribution of electrons in shells, because the ground states have been treated in all the cases. As seen from the table, the data on potentials and their corresponding parameters for more than 360 configurations have been obtained.
With that, it has become clear that the considered parameters quite strongly depend on the nuclear charge and ionization degree. This is demonstrated in Table 2 , which contains the values of parameters of potential for some configurations at different ionization degrees. As can be seen from the table, even for neutral atoms the obtained parameter values quite essentially differ from the traditional nonrelativistic values (4) as well as between themselves. At higher ionization degrees the parameter values markedly increase and depart more from (4). The indicated dependence is due to the increasing difference of quasirelativistic RO from solutions of ordinary HF equations, on the basis of which the universal potential has been obtained, with nuclear charge increase. All these differences equally pertain to the coefficient in the denominator of the expression for the universal potential (3) as well as to the power index. The obtained data indicates that it is complicated to get any constant values of universal potential parameters that would well describe the real potentials appearing at different nuclear charges and ionization degrees. In connection with all mentioned above it has been decided to use paramaters as functions of I and N instead of constant ones.
In the second stage of calculations the dependences of parameters on ionization degrees for every investigated isoelectronic sequence have been obtained in the form of expansions in powers of I. While getting the expansions different polynomials have been inves- tigated. It has come out that it is quite sufficient to restrict oneself to powers from zero to two:
The values of coefficients a n,k and b n,k were determined by the least squares method for all possessed values of parameters. For example, in the case of neon isoelectronic sequence (N = 10) the following expressions have been obtained: In the case of xenon isoelectronic sequence (N = 54) the sought-after expansions have this form: Just as expected, the coefficients in presented expansions depend on the number of electrons in configuration. To take into account this dependence in general form, the expansion in powers of number of electrons has been used. Similarly to the previous expansion, it turns out that it is possible to restrict oneself to quadratic dependence
Coefficients α i and β i have been determined by the least squares method taking into account all the considered isoelectronic sequences. Substitution of their values into (6) leads to the following general expressions for the parameters of the universal potential (3):
The potential (3) calculated using parameters (8) and (9) is further denoted as U N . When the effective charge is approximated instead of the potential itself, the following expressions for the parameters are obtained:
The potential (3) calculated using parameters (10) and (11) is further denoted as U q N . As both adjustments and simplifications have been indispensable in obtaining parameters of the new universal potential, it is necessary to check its validity, which is done in the next section. This is accomplished using as a criterion the results obtained by self-consistently solving the quasirelativistic equations that take into account both direct and exchange interaction of electrons. The potential obtained in this way is denoted as U QR . 
Results of using the new universal potential
The investigated potentials U QR , U G , and U N for the cases of Ti XV ion (Z = 22) of the oxygen (N = 8) isoelectronic sequence, Sn XXII (Z = 50) of the copper (N = 22) isoelectronic sequence, and U XCII (Z = 92) of the mercury (N = 80) isoelectronic sequence are graphically depicted in Figs. 1, 2 , and 3. In the Hereafter we will call the results of self-consistent solving the exact ones. As an indicator of methods used for obtaining the characteristics, the index of a potential employed in determining the RO is used both in the text and in tables.
The most important characteristic of RO that essentially influences the convergence of iterative process is the single-electron energy ε nl . Here ε nl traditionally imply the positive quantities entering Eq. (1). For obtaining the measured single-electron energies the presented values must be multiplied by −0.5. The other characteristics used are the mean distance to the origin
and the mean inverse distance to the origin
which determines the potential energy of interaction between electron and nucleus. Control calculations of RO have been performed for the isoelectronic sequences used in obtaining the parameters of potential (Table 1) as well as for a series of new sequences. No principal differences in these results have been detected. To restrict the volume of this paper, only the results for two new sequences, with low number of electrons (N = 12) and with high one (N = 74), are presented further.
As a first example, the characteristics that have been obtained in treating the magnesium isoelectronic sequence are presented in Table 3 . For illustrative purposes the exact results in this and the following tables are distinguished in bold. As seen in the table, practically everywhere the single-electron energies obtained with the new potentials agree with the exact values better. The single exception is ε 1s for sulphur ion (Z = 16). In all the cases usage of U G leads to significantly elevated values of single-electron energies. The usage of new potentials, on the contrary, makes the abovementioned quantities too low. This probably is due to the fact that only the direct potentials have been used in approximation, while the electron exchange interaction has the sign opposite to their direct interaction and makes the absolute values of single-electron energies higher. The mean distances to the origin of coordinate behave analogously. The relative discrepancies in this case are noticeably lower than the corresponding discrepancies in single-electron energies, though. The same tendencies are seen in comparing the inverse nl . Naturally, the deviations from the exact values in this case have the opposite sign compared to r nl . It should be noted that there are no principal differences between results obtained using U N and U q N . The fact that the accuracy of these results becomes higher for outer shells is caused by the usage of outer orbitals for potential approximation and corresponds to the posed task to enhance the accuracy of initial radial orbitals for outer shells.
As a second example, the characteristics of RO for isoelectronic sequence of tungsten in the cases of mercury (Z = 80) and thorium (Z = 90) ions are presented in Table 4 . As seen from the table, in the case of ions with high nuclear charge both new potentials provide much higher accuracy of ε nl for all shells without an exception. Meanwhile, the usage of U G leads to essentially elevated values of ε nl , and the discrepancies with the exact values may markedly exceed 50%. The comparison of results obtained by using two new potentials reveals that in the case of heavy atoms the single-electron energies calculated with potential U N are of somewhat lower accuracy than those calculated with potential U q N . This is particularly noticeable for the outer shells of considered configurations. This feature of U q N is undoubtedly related to the way of obtaining this potential. All the above comments about the single-electron energies are also true of r nl and r −1 nl . For the averaged evaluation of suitability of the investigated potentials, in the last two rows of Table 4 the relative mean square deviations σ from the exact values, in percent, are given, which are defined as
Here x U denotes each of the characteristics considered, and the sum is taken over all the shells of each ion. The presented values of σ clearly demonstrate the advantages of the new potentials. Also, some advantage of potential U q N over U N emerges.
Conclusion
The transition from fixed values A 0 and B 0 of the universal Gáspár potential parameters to parameters A(N, I) and B(N, I) or A q (N, I) and B q (N, I) that depend on the number of electrons in a configuration and the ionization degree has enabled us to obtain radial orbitals which correspond significantly better to the self-consistent solutions of quasirelativistic HF equations at ionization degrees in the range from several units to those maximally possible. The usage of the new universal potentials in obtaining the initial functions allows one to obtain the solutions in the cases when the usage of conventional universal Gáspár potential does not lead to convergence of the iterative process. The potentials, both U N and U q N , give sufficiently adequate radial orbitals in a very wide range of variable ionization degrees and the usage of all three potentials for solving the quasirelativistic HF equations in the program essentially extends its capabilities.
